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Abstract. We prove the Remling's Theorem on canonical systems and dis- 
cuss the connection between Jacobi and Schrodinger equation and canonical 
systems. 
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1. Introduction 
This paper deals with the canonical system of the following form 
(1.1) Ju'{x) ^ zH{x)u{x). 

Here J = ^ ^ 0^ ) ^'^'^ -^(■^) is a 2 x 2 positive semidefinite matrix whose entries 

are locally integrable and that there is no non-empty open interval / so that H ~ 
a.e. on I. The complex number z e C involved in ll.ll is a spectral parameter. For 
fixed z S C, a function u{.,z) : [0,A^] — > is called a solution if u is absolutely 
continuous and satisfies [1.11 Consider the Hilbert space 

L\H,R+) = {fix)=(^ ^^[^j y.\\f\\<oo} 

poo 

with an inner product {f,g) = / f{x)*H{x)g{x)dx. Such canonical svstems 11.11 

on L^(iJ, M+) have been studied by Hassi, De snoo, Winkler, and Remling in the 
papers [ [S], [S] ] in various context. The Jacobi and Schrodinger equa- 

tions can be written into canonical systems with appropriate choice of H{x). In 
addition, the canonical systems are closely connected with the theory of de Branges 
spaces and the inverse spectral theory of one dimensional Schrodinger equations, 
see [13]. 

Recently, in the spectral theory of Jacobi and Schrodinger operators, the Rem- 
ling's theorem, published in the Annals of Math in 2011 (see [H]), has been one 
of the most popular results. It has revealed some new fundamental properties of 
absolutely continuous spectrum of Jacobi and Schrodinger operators that changed 
the perspective of many mathematicians about the absolutely continuous spectrum. 
In this paper we will prove the Remling's Theorem on canonical systems. 

This paper has been organized as follows: In section [21 we discuss the Weyl 
theory of canonical systems following the analogous treatment of Weyl theory of 
Jacobi and Schrodinger equations. In section[3]we discuss the basic definitions and 
space of Hamiltonians in order to state the main theorem. In section[3|we prove our 
main theorem using the similar techniques from [14] , more specifically we prove the 
Breimesser-Pearson theorem on canonical systems which is in fact the foundation 
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for the proof of the Rcmling's theorem. FinaUy we show the connection between 
Jacobi and Schrodinger equations with canonical systems in section O 

2. Weyl Theory 

Let Ua,Va be the sohition of 11.11 with the initial values 

/n \ f cos a \ ,„ ^ / sina \ /n i 

MO,z) = j ^"(0'^) = cosa j ' " ^ (0'^]- 

For z e C'^, want to define ma{z) e C as the unique coeSicient for which 

Consider a compact interval [0,A^] and let z e C+, define the unique coefficient 
TO^(z) as follows, f{x, z) = u{x, z) + m^(z)w(a:, z) satisfying 

/i(A^,z)sin/3 + /2(7V,z)cos/3 = 0. 

Clearly this is well defined because u{x,z) does not satisfies the boundary condition 
at N. Otherwise z £ C+ will be an eigen value for some self-adjoint relation of 
the system [LT] as explained in [T]. From the boundary condition fi{N, z) sin (3 + 
f2{N, z) cos /3 = at iV we get 

«, , ui{N , z) sin (3 + U2(N , z) cos P 

TTl f Z I — 

' vi{N,z)sin(3 + V2{N,z)cos(3' 

As z, N, (3 varies m^{z) becomes a funtion of these arguments, and since iti, M2, wi, V2 
are entire function of z it follows that ■m^{z) is meromorphic function of z. 
Let Cn{z) = {m^Niz) : < ^ < tt} 
Here 

This is a fractional linear transformation. As a function of t G M it maps real line 
to a circle. So for fixed z G C"*", CAr(z) is a circle. Hence for any complex number 

TO g C 

TO € Cn{z) ^ Im = 

U\ + rav\ 

From this identity the equation of the circle C-^iz) is given by |to — — where 
(2 1) W^vM 1 

Now suppose f{x,z) — u{x,z) + to^(z)w(x, z), then m = to^ is an interior of 
Ctv if and only if 

(2.2) I— ^l^<-'^w4^<0 

Let us write ry = zy if and only if Jy' = zH{x)y. Suppose / and g are the 
solutions of ll.ll thcn we have the following identity, called the Green's Identity. 

(2.3) / {rH{x)Tg-{TfrH{x)g{x))dx = Wo{f,g)-WN{f,9) 
Jo 

Using the Green's identity we have. 
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(2.4) WnU, /) = 2i Im m{z) ~ 2i Imz / f {x)H{x)f{x)dx. 

Jo 

r-N 

Wm{vtV) = —2i Ivaz / v* [x)H{x)v[x)dx. 



WnUJ) _ - Im m{z) + Imz f*{x)H{x)f{x)dx 
WNiv,v) ImzJ^v*{x)H{x)v{x)dx 

Hence from [Owe see that ^^[i'i] < if and only if 

rix)Hix)fix)dx<-^^^^. 

Imz 

Thus it fohows that m is an interior of C'n if and only if 

(2.5) r{x)H{x)f{x)dx < ^^^^ 
and m g Cn(z) if and only if 

(2.6) r r{x)H{x)f{x)dx = ^H^, 
Jo Im z 

For z e C+, the radius of the circle Cn{z) is given by 
(2-7) Mz) = j^j^^T—T^ = — 7n-^ 







\WNiv,v)\ 2 Imz v*{x)H{x)v{x)dx 
Now let < A^i < iV2 < oo. Then if m is inside or on CjVa 

Im Tn 

f*{x,z)H{x)f{x,z)dx< / f{x,z)*H{x)f{x,z)dx<— 

Jo Im z 

and therefore m is inside Cni- Let us denote the interior of Cn{z) by IntCAr(z) 
and suppose Dm{z) = Cm{z) U IntCAr(z). Then 

m e i^jv(2) r r{x)H{x)f{x)dx < 

Jo Im z 

These are called the Wyle Disks. These Wyle Disks are nested. That is £'Af+e(2) C 
Dn{z) for any e > 0. From [^771 we see that rjv(z) > 0, and rM{z) decreases as 
N — > oo. So lim r^iz) exists and 

lim rN{z)^Q^v i L^{H, M+). 

Thus for a given z e C+ as -> oo the circles Cn{z) converges either to a 
circle Coo(z) or to a point nioo{z). If Cn{z) converges to a circle, then its radius 
Too = lim r^r is positive and 12. 71 implies that v £ L^(_ff, R+). If rfioo is any point on 
Coo{z) then m,^ is inside any Cn{z) for iV > 0. Hence 

(w + rhrxiv)* H{u + rrioo'i') < 



Im z 
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and letting N oo one sees that f{x,z) = u + rhooV E M+). The same 

argument holds if moo reduces to a point moo- Therefore, if Im z ^ 0, there 
always exists a solution of 11.11 of class € K+).In the case Cn(z) — Coo{z) 

all solutions are in L^(i/, R+) for Im 2; 7^ and this identifies the limit-circle case 
with the existence of the circle Cqo{z) . Correspondingly, the limit-point case is 
identified with the existence of the point 771^0 {z). In this case Cn{z) — moo there 
results lim r^r = and l2. 71 implies that v is not of class L^{H, 1R+). Therefore in this 
situation there is only one linearly independent solution of class L^{H, M+). In the 
limit circle case m G Cn if and only 12.61 holds. Since f{x, z) — u(x, z) + mv(x, z), 
it follows that m is on Coo if and only if 

(2.8) f^:,^^yHf{x,z)dx=^^^. 

From [2T4l it follows that m is on the limit circle if and only if lim W^Ar(/, /) = 0. 

N^oo 

From the above discussion we proved 
Theorem 2.1. [6] 

(1) The limit-point case (joo — 0) implies that \l.l\ has precisely one LF'{H,R-^-) 
solution. 

(2) The limit-circle case {r^o > 0) implies all solutions of \l.l\ are in i^(i?, R+). 

The identitv 12.61 shows that m^{z) are holomorphic functions mapping upper- 
half plane to itself. The poles and zeros of these functions lie on the real line and 
are simple. In the limit-point case, the limit moo(^) is a holomorphic function 
mapping upper- half plane to itself. In limit-circle case, each circle Cn{z) is traced 
by points m = m^{z) as (3 ranges over < /3 < tt for fixed N and z. Let zq be 
fixed, Im zq > 0. A point moo(zo) on the circle Coo(-zo) is the limit point of a 
sequence m^ (z) with A'j — > 00 as j — > 00. 

In [J we showed that ti H = 1 implies the limit-point case. We would like to 
consider 11.11 to have limit-point case. If the Hamiltonian H in a canonical system 
does not have trace norm 1, then we can always pass the equivalent canonical 
system with the Hamiltonian H having trace norm 1. More precisely we use the 
change of variable 

(2.9) t{x) = / tr H{s)ds. 

Jo 

Let x{t) be the inverse function and define the new Hamiltonian H{t) = j;^^-(^H{x(t)) 
so that It H{t) = 1. Let u{x, z) be the solution of the original system 

Ju' = zHu 

and put u{t^ z) = u{x{t), z). Then u{t, z) solves the new equation 

Ju' = zHu. 

Their corresponding Weyl-m functions on a compact interval [0, N] are the same 
up to the change of the point of boundary condition, ie fn^{z) = m^^j^~^{z). From 
now onward we will consider a canonical system with triJ = 1. This will reduce 
our system to have limit-point case. 
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3. Topologies on the space of Hamiltonian. 

We need to consider the space of Hamiltonians and a suitable topology on it so 
that the space is compact. With the topology we have, we want to work with the 
basic object like m functions of the canonical system. Let Af (M) denotes the set of 
Borel measures on R. Consider the space 



^2x2 



{^i e M{Rf^ : d/i = H{x)dx,H{x) > 0,triJ(a;) = l,H{x) G L^^}. 



We would like to define a metric on V2x2- We will follow the same procedure as 
in 14. II Let Cc(M) denotes the space of all continuous functions on R with compact 
support, the continuous functions vanishing outside of a bounded interval. This 
space Cc(R) is complete with respect to the ||.||oo norm. Pick a countable dense 
subset {/„ : rt e N} C Cc(R), the continuous functions of compact support. Let 



Then define a metric d on V2x2. as 



Clearly d is a metric on V2x2- Moreover, ^V2x2, d^ is a compact metric space. 
We can now consider canonical system with measures as Hamiltonian. 

(3.1) Jv! = Z[IU, fi e V2x2- 

If / C R is an compact interval and B{I) denotes the space of all complex valued 
bounded Borel measurable functions on /.Then B{I) is complete with respect to the 
metric given by g) = ||/-g||„ where the norm on is ||/||„ = sup^g^|/(a;)|. 

Let = |/ = ^^j}^ /i, /2 e Clearly the space B{I)'^ is complete with 

respect to the metric given by p{f,g) = \\f - g\\u where ||/||„ = sup^gj|/i(x)| + 
sup2.gj|/2(x)|. Let / e B{iy, we call / a solution to the equation 13. II if and only if 

J{u{x) - u{a+)) = z dp{t)u{t) if a; > a > 

J(a,x) 

and 

J{u{x) — u{a—)) = —z / dii{t)u{t) if a; < a < 0. 

J{xm) 

In order to show the existence of a solution of the equation 13.11 define a map on 

B{IY by 

Tu{x) = u(0) - zJ ( p{t)u{t) 
Jo 
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and show that T is a contraction mapping. 



\Tu~- Tv\\u = sup^gj z / 
Jo 



{Ui - Vi)d^ii + {U2 - V2)dfJ, 



12 



SUp^gj Z (Ui - Vi)dn21 + {U2 - V2)d^l22 

Jo 



< sup^ 



\z\ \U1 - Vi\d^ii + \Z\\U2 ~ V2\dfli2 



'x£l 

+ SUp^gj|z| / \ui - Vi\dn21 + \Z\\U2 - V2\d^22 

Jq 

c r 

< g'^^P^e/ [suPtg[o,^] 1^1 - I + SUPtg[o,x] l"2 - V2 

c r 

+ 2^^P*e[o,x] [s^Pte[o,x]\ui -vi\+ suptg[o^^]|u2 - V2 
r r 

2sup^g/|ui - Vl\+ 2sup^gj|u2 - V2 
c\\u - v\\u. 



< 



This shows that T is a contraction mapping, so it has a unique fixed point say 
u{x) in such that Tu{x) = u{x). So there is a solution in B{I)'^ that satisfy 

u{x) — u{0) — zJ Jq ix(t)u{t). As already seen that triJ(a;) = 1 implies the limit 
point at the both end points. 

This means that for z G C+ there exists (unique up to a factor) solutions 
f±{x,z) = u{x,z)±m±{z)v{x,z) ofOsuch that /_ e L^{H,R^)J+ e L^{H,R+) 
where u{x,z) and v{x,z) are any two linearly independent solutions of 13.11 Let 
a; G K, and a = 0, the Dirichlet boundary condition at x that is ui{x,z) — 
V2{x,z) = 0,vi{x,z) = U2{x,z) = 1, the Titchmarsh-Weyl m-functions of the 
system [3.11 arc alternately defined as m±{x,z) = ij^^^^r^. Recall that m±{x,z) 
are Herglotz functions. So the boundary value of these m functions are defined by 
m±{x, t) = liniy^o rfi±(x^ t + iy). 



Definition 3.1. Let A C 

reflectionless on A if 

(3.2) 



be a Borel set. We call a Hamiltonian n G V2x2 



m+{x,t) = —m-{x,t) 



for almost every t ^ A and for some x G M. 

The set of refiectionless hamiltonian on A is denoted by Tl{A). Notice that the 
equation 13.21 is independent of the choice of boundary condition and the choice 
of a point. Suppose 13.21 is true for a boundary condition a at 0. Let m"(z) be 
the unique coefficient such that f{x,z) = Ua{x,z) + m'l{z)va{x, z) G i^(i7,R+). 



Suppose Ta{x, z) 
T, 



Ua^{x,z) Va-,{x,z) 



with Tq(0, z) 



sm a cos a 
— cos a sin a 
sin (3 cos /3 
- cos (3 sin /3 



and 



Then 



Ta{x, z) = Ti3{x, z) 



COS 7 sm 7 
- sin 7 COS 7 



where ^ — /3 — a. 
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Here (z) g C is a unique number such that 

' ' \—s\n^ cos7y \m"(zj J ^ ^' 
cos 7 + m^(z) sin 7 \ 2, 



'^^ ' sm7 + m" (z) cos7y ^ ' 
=^(cos7 + m" (z) sin7)r/3(a;, z) [ - sin7+>n° (z) C0S7 | eL^(i/,K+). 



cos (js) sin 7 



4 

must have 



1 



Since m'^{z) be the unique coefficient such that Tp{x,z) I ^ , , ) G L^{H, M+) we 

, ^ -sin7 + myz)cos7 ^ (^cos7 -sin7\ 
^ COS7 + m" (z) sin7 \^sm7 C0S7 ' '^^ ' 

On the other hand, exactly in the same way, 
1 ^ - .2, 



^Tpix,z) ( ( .] eL^iH,R^), where7 = ^-a. 

'^^ ' sm7 cos7y y~m_{z)J \ ' /> 

^ . X / cos 7 — m"(z) sin 7 \ r2^Tr ^ 
^T^ a;,z . ' ' ei^ i/, -00,0 ) 

' sm 7 — m_(z) cos 7y ^ ^ 

=>(cos7 — m°:(z) sin7)r^(a;, z) [ -sin7-m°(z)cos7 | e£^(i7,R_) 

y cos 7 — (js) sin 7 / 

/3 , , - sin7 - m" (z) COS7 _ / COS7 sin7 



^ - m'!(z) = ■ = 

cos 7 - m"(z) sm 7 \^-sm7 cos7y 

Let P+(0,z) = h""^ -'^"^'1 and F_(0,z) = h""^ ''''''A , so that 
\^sm7 cos 7 J \^sm7 cos 7 J 

mt{z) = P_(0,z)m°:(z), m'^(z) = F+(0,z)m^(z) and 

1 







^^)p+(0,z) = P_(0,z)(^J 



. By simple calculation we can see that 



Similarly, equation 13.21 is independent of the choice of the point. Suppose 
To(a;, z) = j j -^^ solutions with the boundary conditions at 0. 



U2{x,z) V2{x,z) 

Then Tn{x, z) ~ TJx, z) | ^i^'*' ^\ '^il'*: ^) J Suppose m+(0, z) G C be the unique 

\U2(a,z) V2(a,z)J 

coefficients such that f±{x,z) = u{x, z) zL m±{0, z)v{x, z) E L^(iJ, M±). 
In another way, To(x,z) (^^^^(^q e L'^{H,R±). 

' \U2[a,z) V2[a,z)l \±m±[0,z)J 
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= = {£^^1, 

By calculation we see that 

m^{a,t) =^ -~m^{a,t) 

As already mentioned, the Weyl m-functions m(x, .) are Herglotz functions and 
by the Herglotz representation theorem they have unique integral representation of 
the form, 

m{x, z) = a + bz + j ( \ du{t)^ z G 

for some positive Borel measure on M with J -^Y^dv < oo and numbers a G M, 6 > 
0. We call the measure in above integral representation of m as spectral measure 
of the system [TT] 

Recall that a Borel measure p on M is called absolutely continuous if p{B) = 
for all Borel sets i? C K of Lebesgue measure zero. By the Radon-Nikodym 
Theorem, p is absolutely continuous if and only if dp — f{t)dt for some density 
/ ^ ^Lc(^)' / > 0. If is supported by a Lebesgue null set that is, there exists a 
Borel set S C M with \B\ = p{B'') = 0, then we say that p is singular. By Lebesgue's 
decomposition theorem, any Borel measure p on R can uniquely decomposed into 
absolutely continuous and singular parts: 

P = Pac + Ps- 

The essential support Sg of a Borel measure p on K. is the complement of a largest 
open set [/ C K such that p{U) = 0. 

Let p be a measure on R. The shift by x of the measure fi , denoted by SxP, is 
defined by 

[ f{t)d{Sxp)^ [ f{t~x)dp{t). 

JR Jr 

If /i G V2x2 is such that dp — H{t)dt is a locally integrable Hamiltonian H, then 
this reduces to the shift map {SxH){t) — H{x + t). 

Definition 3.2. The oj limit set of the Hamiltonian p G V2x2 under the shift map 
is defined as, 

'^(m) — {i^ & ^2x2 ■ there exist Xn oo so that d(Sx,^p, v) — > 0}. 

Then as in [I5j we can see that uj{p) C V2x2 is compact, non-empty and is a 
homcomorphism on uj{p). Moreover, Lo{p) is connected. 

4. Main theorem and its proof 
We are now ready to state the Remling's theorem for Canonical System on M+. 

Theorem 4.1. Let p G V2x2 be a (half line) Hamiltonian, and let Eqc be the 
essential support of the absolutely continuously part of the spectral measure. Then 

uj{p) C TZ{T,ac)- 
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In order to prove this theorem we approach the similar way as in [15 . 
Let e V2x2 is a whole line Hamiltonian. We write fj,± for the restrictions of /i to 
Rj-. Denote the set of restrictions by V± = : /i € ^2x2}- 

Let H denote the set of all Herglotz functions, that is H = {F : C+ — > C+ : 
F is holomorphic }. So {M± — m^(0, z)} C H. First lets prove the following 
lemma. 

Lemma 4.2. The maps V± 1 — !■ H, ^± 1 — > M± = mj.(0, z) are homeomorphism 
onto their images. 

Proof. We have /i+ = H^{x)dx. By Theorem 1 in [3] for every canonical system 
with Hamiltonian there is unique to+(0, z). Conversely for every m+ £ H there 
exists a unique Hamiltonian iJ+ on M+ such that to+ is a Wyle coefhcient of the 
canonical system corresponding to H+. So /i+ 1— >■ M+ is one-to-one. Next we show 
that the map is homeomorphism. Consider the canonical svstem lTTTj on M+ . Suppose 
fin — > /i in i^^. That is Hn{x)dx — > H[x)dx for some Hamiltonian Hn{x), H{x). 
Let Un be the solution of Canonical System with Hamiltonian Hn(x). Let if be a 
compact subset of C"*" contained in a ball B{0,R). Suppose a subinterval [0,r?] be 
such that ">! = We claim that u„ has convergent subsequence on [0,?]]. Define 
the operators T„ : C[0,77] — > C[Q,ri\ by 







TnU{x) — —zJ I Hn{t)u{t)dt. 

Since 



T„|| = sup W-zJ [ Hnit)u{t)dt\\ 
IIm[Ioc.=i "'0 



<|z|||u||oo / \Hnit)\dt 

Jo 



k=0 



II Trill ^''"C uniformly bounded. So the Neumann series (1 — T„) ^ — T"^ is con- 
vergent. Here = (1 — T„)^^{uq), uq 

\\un\\ < ||(i-r„)-i||||«o|| = ll(i-r„)-i|| < £r„f = X]^)' = 2. So 

fc=0 k=0 

{un{x) = n Cz N} is uniformly bounded in n on [0,r]] and locally uniformly in 
z. Similar argument shows that it„ remains bounded on [ri,r] +p\ so that u„ are 
eventually bounded uniformly on [0, N]. Moreover, u„ are equicontinuous. Let e > 
be given. Since m„ are solutions for the svstem [TTT] we have. 



Un{x) - Unixo) = -zJ / Hn{t)Un{t)dt. 
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||u„(a;) - M„(a;o)|| < |z|||u„|| / \Hn{t)\dt 

J Xo 

= |2;|||M„||4?7||a; - a;o|| 
< i?2.477||a;-a;o||. 

Let S = then ||u„(x) — u„(a;o)|j < e, if \\x — Xq\\ < S for all n . By Arzella- 
AscoUi Theorem has convergent subsequence say — >■ u. We show that u 

satisfies the Canonical System corresponding to H{x). 

Un^ (x) - Un^ (0) = -ZJ / i?„^ {t)dt 

Jo 

px i*x 
= -zJ / Hn^ {{t)Un^ {t) - U{t))dt -zJ iJ„^. {t)u{t)dt. 
JQ Jo 

Since || -z J/J" iJ„^. ((t)u„^. (t) -u{t))dt ||< |z| ||iJ„J|i^(o,:r) ||u„j - u\\ , 

lim —zJ I Hn . ({t)un ■ (t) — u(t))dt = 0. Hence, taking the limit as j — )■ cx) we 

get, u{x) — u(0) — H{t)u{t)dt. So /i„ — > /i u„ — > u m'^" (0, z) — > m+(0, z). 
This proves the continuity of the map on the interval [0, iV]. Inverse of a continuous 
map on compact set is also continuous. Hence the map is homeomorphic. Exactly, 
the same way /i_ — > is also a homeomorphism. □ 

4.1. Breimesser-Pearson Theorem on canonical systems. For z — x + iy £ 

C+, ujz{S) — i /g (t-x)'^+y'^ denotes the harmonic measure in the upper-half 
plane. For any G S EI and t G M we define ujG(t){S) as the limit 

For complete description about the Herglotz functions and harmonic measures, see 

m- 

Lemma 4.3. \^ Let A cM. be a Borel Set with \A\ < oo. Then 

lim sup / ujpu_f_i ^{S)dt - / u}FU-){S)dt =0 

V^°+ Fen;SCM J A J A 



Definition 4.4. If Fn,F E H, we say that Fn F in value distribution if 

(4.1) lim / ujp u){S)dt= / ujpuAS)dt 

J A J A 

for all Borel set A, 5 C M, \A\ < oo. 

Notice that if the limit in the value distribution exists, it is unique. 

Theorem 4.5. |15| Suppose Fn,F e "H, and let an, a, and be the associated 
numbers and measures, respectively, from the integral representation of Herglotz 
function. Then the following are equivalent: 

(1) Fn{z) — >■ F{z) uniformly on compact subsets ofC^; 

(2) a„ — )■ a and Vn — > v weak * on A^(Moo), that is. 



lim / f{t)dvn{t) = / f{t)dv{t) 

n—^oo 

for all f e CiRo.); 
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(3) Fn ^ F in value distribution. 

Remling's theorem is in fact a reformulation of Breimesser-Pearson theorem 
which state as follows 

Theorem 4.6. Consider a half-line Canonical System. Let Y.ac denotes the es- 
sential support of absolutely continuous part of Spectral measure then for any A C 
Tiac, \A\ < CXI and S dR, we have 

lim 

N-yoo 



^^m-iN,t){~S)dt- / U}^^(^N.t){S)dt) = 0. 

J A ' 

Moreover, the convergence is uniform in S . 



We prove this theorem on canonical systems using the same technique as in [TS] . 
The hyperbolic distance of two points w, z € C"*" is defined as 

/ X \W- Z\ 

l[w,z) = 

Vimwv imz 

Hyperbolic distance and harmonic measure are intimately related as follows, 

\uJiuiS) - iOz{S)\ < 7(w, z) 

for any z,w E C+ and any Borel set 5 C M. Moreover, if F{z) — a{z) + iuJz{S) , 
a(z) is a harmonic conjugate of uj^^S) we have 

(4.2) K(5) - uj.{S)\ < < ^(Fiw),F{z)) < jiw,z). 

Lemma 4.7. Let u(., z), v{., z) be the solution of the Canonical Svstem \l.l[ subject 
to the condition u{Q,z) = , t;(0, z) = ■ ^''^V constant such that 

Lmw > 0, for any N > 0, and all z G we have the estimate, 

A vUN.z)' uUN.z) +wv,(N.z)) 



7 



vi{N,z)' ui(N,z)+wvi{N,z)J - ^/(/ + 1)' 



where I = I{N, z) is the integral defined by L(N, z) — ( Imz) Im(u* Hv)dx. 

Proof Denote the wronskian W^jv(/,.g) = fi{N)g2iN) ~ /2(iV)gi(iV)). Using the 
Greens's Identity we have, 

(4.3) / v*Hvdx = ——WNiv,v), 



(4.4) 



/ lm{u*Hv)dx = -— (l- ReWNiu,v))=— (l - ReWNiu,v)), 



(4.5) \W{u,v)\'^ = l-W{u,u)W{v,v). 

Now at X = A^, we have, 

2 / V2 U2+ WV2 ' 



r 



•,f_V2 U2 + WV2 \ 



vi ui + 1 / W{v,v)W {u -\- wv,u -\- wv) 
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Therefore, 

V2 U2 + WV2 



1 



V 111 



< 



i;i ' Mi+wfi/ W{v,v)W(u + wv.u + wv) 



Let w be real. The denominator on the right side is of the form A + Bw + C'uP , 
where A > 0, C > and B is reaL The denominator has minimum value A — j^. 
Hence, 



7^< 



-W{V, v)Wiu, U) - ^ 4i-Wiv,vr} 



-4 

< 



W{v,v){W{u,v) + lm{W{u,v)y 
Using equation 14. II we get, 

4 



1 - \W{u,v)\^ + ( lm{W{u,v)) ) 

-4 



l-(ReW^(u,u))2' 

Here, 

1 - {ReW{u, v)f = (1 - {ReW{u, v))){l + {ReW{u, v))) 

= ^ - 2 Iniz j l\-a(u* Hv)dx^ {l + 2 Imz j lia{u* Hv)dx^ . 

Therefore, 



1 /-^ 
< — where / = Imz / Ivniu* Hv)dx. 



If w is not real, w = Rew + iY, y > then u — lYv is also a solution and we have, 

\W{u - iYv, = 1 - W{u - iYv, u + iYv)W{v, v). 
Also from above equation, 

-4 



7 



< 



< 



W{v, v)Wiu, u) + ( Im(VK(u, w)) ) + y2j4^(v, t;)2 + 2iYReW{u, v)W{v, v) 

-4 

W{u - iFv, -u + iYv)W{v, v) + lmW{u - iYv, v)) 
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Since the equation 14. II is valid for u — iYv we get, 
2 -4 



1- ( RcW{u~iYv,v)) 

-4 



(l+ ReW{u- iYv,v)){l - ReW{u - iYv,v)) 

-4 

1+ Re(W{u,v)-iYW{v,v))^(l- Re{W{u,v) - iYW{v,v))^ 



(l- ReW{u,v)-Y ImWiv,v)){l+ ReW{u,v) +Y lmW{v,v)) 

-4 



- 2 Imz Im(w*Hi;)dj; - ^W{v, v)j [2 Imz lm{u*Hv)dx + 2+ ^W{v, v) 
1 



/'(/' + 1) ' 

where /'= Imz lm{u* Hv)dx +2 +^W{v,v). Notice that I' > I since W{v,v) = 
2i Imz v*Hvdx > 0. Hence the lemma is proved for general case. □ 



Corollary 4.8. With the notation above, we have 

V2 {N, Z) U2 ( A^, z) + wvi {N, z) 



lim 71 



Af^oo'V vi{N,z)' ui(N,z) + wvi{N,z) 
Proof. From above lemma we have 



= 



7 



V2{N,Z) U2iN,z) +WV2iN,z)^ ^ 1 



vi {N, z) ' ui {N, z) + wvi {N, z) J - + 



where / — I{N, z) is the integral defined by I{N^ z) = ( Imz) Im{u*Hv)dx. 
Want to show that I oo as N —i' oo. We have, 

V* Hvdx — — — Wn{v,v) 

Q 2i Imz 

/ lm(u*Hv)dx^ (1-- ReWN(u,v)). 

Jq 2i Imz ^ ' 

Now lets look at the ratio 

2 Imz lm{u*Hv)dx + 1 _ Wn{u,v) + Wn{u,v) 
2ilmz v*Hvdx 2iWNiv,v) 

Wn{u,v) Wn{u,v) 



2iWN{v,v) 2iWN{v,v) 
= ImC 

where C is the center of the Weyl circle. Since the center of the Weyl circle is 
continuously depend on z it is uniformly bounded on a compact subset of So 

/ lm{u* Hv)dx + 1 = ImC / v* Hvdx — > oo as iV ^ oo. 

JO ^0 

This implies that / — ^ooasn— >'(X). □ 
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We are now ready to prove Theorem 14.61 We follow the similar approach for the 
proof of Theorem 14.61 as in [2] . 

Proof of Theorem \4-6\ : Let A C Sac, |^| < oo and let e > be given. 
We first define a partition A — AqU AiU A2, ....U A^ of disjoint subsets such that 
1^0 1 < is bounded for j > 1- We also require that m-^-(t) = limj,^o+ 
exists and m+{t) e C+ on UjLi ^j- To find Aj^s with these properties, first of all 
put all t G A for which does not exist or does not lie in C"*" into ^o- Then 

pick (sufficiently large) compact subset K C C+,/f C M so that Aq ~ {t £ A : 
m+(t) ^ K or t ^ K'} satisfies |^o| < £• Subdivide K into finitely many subsets 
of hyperbolic diameter less than e, then take the inverse images under m_|_ of these 
subsets, and finally intersect with K' to obtain the Aj for j > 1. It is then true 
that ■m+{N,t) exists and lies in C+ for arbitrary iV e M if t e UjLi ^j- Moreover, 
we need rrij G C'^ such that 

7(m+(t),mj) < e, 

such TTij can be defined as mj = m_|_ {tj ) for any fixed tj G Aj . By Lemma 14.31 
there is a number y > such that , for arbitrary Herglotz function F, for any Borel 
subset S" of M and for all j ~ 1,2, ,n we have the estimate 



(4.6) / ujF(t+iy){S)dt- I ujF(t){S)dt <e\Aj\. 

J Aj J Aj 

We can define y for each value of j ; so y is a function of j . However, by taking the 
minimum value of y[j) as j runs from 1 to n we my assume y is independent of j. 
Let M,{N, z) = for any z e C+. We shaU complete the proof of 

the theorem by showing that, for j > 1, 

(i) : w;m_^(jv,t)('5')di is close to the integral J^j ^M-{N,t)i^)d-t 
where MJN, t) = "^(;v,«)+^,..(jv,t) ^^^^ 

(ii) : Jj^ojrn-{N.t)(~S)dt is close to the same integral for all N sufficiently large. 
Proof of (i): We have 

^ fA.r ^^ _ U2{N,t)+m+{t)v2{N,t) 
' ' Ui{N,t)+m+{t)vi{N,t). 

Hence, for fixed N and t, the mapping from m+(i) to m+(Af, t) is a Mobius trans- 
formation with real coefficients and discriminantuiU2 — V1U2 = 1. and 7 is invariant 
under Mobius transformations. Now from 14.11 we see that 

/ ^ U2(N,t) +'miV2(N,t)\ 

j{m+(N,t), ^ ; ( ^ ; ( < e for 7 > l and t e A,. 

'\ +^ ui{N,t) +mjVi{N,t)J - •' - ^ 

By equation 14.21 we see that, 



(S) (S) 



and integration with respect to t over Aj gives the estimate 



(4.7) / u}„,^(^N^t)iS)dt- ujjj-^j^^-^{S)dt <e\Aj\. 

J Aj J Aj 

This holds for aU j = 1, 2, n. 

Proof of (ii): For j > 1, define the subset M of C+, consisting of all z e C+ of the 
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form z = t + iy, for t E Aj. Thus is the translation of Aj by distance y above 
the real z-axis. Since Aj is bounded, A^ is contained in a compact subset of C"*". 
Hence by Corollary 14.11 there a positive number A^o such that for j > 1, > A^o 
and z € A^- we have the estimate 



(4.8) 



V2{N,z) U2iN,z) +mjV2{N, z) 
Vi{N,z)' ui{N,z)+mjVi{N,z) 



< €. 



As in the case of y we may choose A^o to be independent of j. Let m-{N,z) = 
— . Following the similar argument to that in the proof of (i) , for any z — t+iy 

we have the estimate 



^m^{N,z){-S)dt- / U}_Mj{N^z)i-S)dt <e\Aj\, 



valid for j > 1 and N > Nq. Now by Lemma [4.31 equation 14. II we have, 



< 3e\A, 



^m-{N,t)i-S)dt - / UJ-Mj{N,t)i-S)dt 
J Aj 

Now using the identity uj^t^,{S) ~ u)w{S) 



(4.9) 



^m-(N,t){-S)dt - 



JS)dt <?>e\A,l 



which holds for all j > 1 and N > Nq and completes the proof of (ii). Combining 
the ineq ualities 14.11 and 14.11 now yields, for j > 1 and N > Nq, 



(4.10) 



^ni^(N.t){-S)dt- I l^,n+{N.t)iS)dt < 4:e\Aj\ 



Noting that Aq was chosen such that |^o| < we now have for all N > Nq, 



^■m-{N,t){-S)dt - / l^m+{N.t)iS)dt 
JA 

-51/ ^m^{N,t){-S)dt~ U}m+iN,t){S)dt 
j=0 ' JAj 

n 

<2|^o|+4e^|Aj| <e\A^\<Qe\A\. 
j=o 

Since e was arbitrary, the theorem follows. 

Proof of Theorem \4-l\ The proof is basically same as in [I5j , however let me 
sketch: 

Let ly e w(/i). Then there exists a sequence a;„ — oo such that d{Sx^fJ,, v) 0. 
Then by Lemma 14.21 we have that 

m±{xn, z) ^ M±{z) (n — oo), 

uniformly on compact subset of C^. Here M±{z) = m^{Q^z) are the m functions 
of the whole line Hamiltonian v. By Theorem 14.51 we see that 



m±{xn, z) M±{z) (n — ?► oo) 
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in value distribution. That is 



n— )-oo 



lim / UJrn±{x„,t)iS)dt = / UJM±(t){S)dt 



for all Borel sets A, 5 C M, \A\ < oo. Also by Theorem 1461 we have 



^M-{t)i-S)dt ^ / ujM+{t){S)dt. 

A J A 

By Lebesgue differentiation theorem, 

(4.11) '^M^(t){-S) ^ ujM+(t){S) 

for t G Yiac and all intervals S with rational end points. We can also assume that 
M±{t) = limj,^o+ M{t + iy) exists for these t. Moreover, if M-{t) € M, then, by 
choosing smaU intervals about this value for —5, we see that M+[t) = —M-{t). If 
M-{t) e C, then 

^Ai^(t){-s)= I _ 77— h^ytt;!'^* 



i-s) it - + 

V 



/(S) {t + U)2 + 

Bv 14. Ill we get. 



dt 



(4.12) A/+(t) = -M_(<). 

In the case when M-{t) e R we already have M+{t) = -M-{t). So [4T2] holds for 
almost every t £ Eqc, that is G TZCSac)- This completes the proof. 

5. Relation between a Schrodinger Equation / Jacobi Equation and 

A Canonical System 

5.1. Reduction of Schrodinger Equation to a Canonical System. Let 

(5.1) ~y" + Vix)y^zy 

be a Schrodinger equation. Suppose u{z, z) and w(a;, z) are the linearly independent 
solutions of [531 satisfying some boundary condition a at 0. Then uq = u{x,Q) and 
^'o = 0) are the solutions of —y" + V[x)y — 0. Let 

^UqVq vl J 

then the Schrodinger equation 15.11 is equivalent with the canonical system 

(5.2) Jy' = zHy 

That is if y solves equation 15.11 then U{x,z) — T^^{x) ,\ ' { ) solves the 



Hix) = 



canonical system [^21 

Alternative Approach : Let 

(5.3) -y" + V{x)y = z^y 



y'{x,z) 
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be a Schrodinger equation such that + V{x) > and y{x, z) be its solution. 

Then yo = y{x, 0) be a solution of ~y" + V"(x)2/ = 0. Let W^(a;) = ^ then 
14^^ (a;) + T4^'(x) — V{x) so that equation 15.31 becomes 

(5.4) -y" + {W^ + W')y = z^y. 
Claim that the equation 15.41 is equivalent with the Dirac system 

(5.5) Ju'=(^ f 

If w is a solution of 15.41 then u = [ i, ^ ,,,<]isa solution of 15.51 Also if 
Dirac system [5751 is equivalent with the Canonical System 



is a solution of 15. 51 then ui is a solution of 15.41 Next we show that the 

mical System 



(5.6) Ju{x) = zH{x)u{x), H{x)=\ ^ ^-2 f^f wit)dt j 

=^ W{t)dt 

e-fo ^W'i'^ 



, , .g-/J=W(t)dt Q 

For if M is a solution of 15.51 then Tqu, where Tq = I r^wi-t)dt ^ 



solution of 15.61 



If we consider a Schrodinger equation of the form, 
(5.7) -y" + (W^ - W')y = z^y 

then it is equivalent with the Dirac system 

(5-8) J^'-{-W ~T 

In other words, if y is a solution of Schrodinger equation 15 . 71 then 



zy 
y' + Wy 



is a solution of the Dirac system 15.81 Conversely, if u = ( ) is a solution of the 



Dirac system [5TS1 then ui is a solution to the Schrodinger equation 15.71 
The Dirac system 15.81 is equivalent with the canonical system, 

(5.9) Ju'{x) ^ zH{x)u{x) 

/g-2/J=M/(t)dt \ 

where H{x) = ( ^ 2/=" w(t)dt j ■ If u is a solution of the Dirac system 

^ /e/o^W'W^* \ 

15.81 then y = Tqu, Tq ~ I ^ ~ f w{t)dt j ^ solution of the canonical 

svstem [5.9l Conversely if m is a solution of the canonical svstem [5.91 then T^^u is 
a solution of the Dirac system 15.81 

5.2. Reduction of a Jacobi Equation to a canonical system. Let a Jacobi 
equation be 

(5.10) a{n)u{n + 1) + a{n — l)u{n) + b(n)u(n) = zu{n). 
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This equation can be written as 



u{n) A / 1 \ fuin - r 



[B{n) + zAin)] 



u{n — 1) 
u{n) 



Where B{ f^j — I a(n— 1 

) -b{n) and A{n) = ( i I . Suppose p{n, z) and 

\ 7[{nr a{n) J \ a(n) J 

q(n,z) be the solutions of 15.101 such that p{0,z) = l,p{l,z) = 1 and q{0,z) = 
0, g(l,z) = 1. So that po{n) — p(n, 0) and qo(n) = q{n,0) be the solutions of 
equation 15. 101 when z — 0. Then 

Poin) \ _( 1 \ /p,(n - 1] 

Mn + l))-[-^-^ ^)[ Mn) 

(similar expression for go(^^)•) Let T{n) = fP^^"'^ -^') qo{n ~ l) , ^ ^^^^ ^ ^^^^^ 



Poin) qo(n) 
we have the relation T{n + 1) = B{n)T{n). Now define 

U{n,z) ^T-^{n + l)Y{n,z),Y{n,z) ^ /p(n - 1 z) ^(^ - I'^A xhen [/(n, z) 

\^ P(^n,z) q(n,z) J \ ' / 

solves an equation of the form 

(5.11) j{U{n + 1, z) - U{n, z) = zH{n)U{n, z)) 

where H{n) — JT^^{n+ l)A{n)T{n). Suppose for each n e Z, on (n, n+1), H has 
the form 

/ cos^ (j) sin (j) cos ( 
I sin (j) cos (j) sin^ 



H{x) = /t(x)P0, 



for some cj) E [0, tt) and some h E Li{n,n + l),h > 0. (We may choose h{x) = 1 on 
(n, n+1) for each n G Z) Then the canonical system [Ol reads 

u'(a;) = — zh{x) J P^u[x) . 

Since the matrices on the right-hand side commute with one another for different 
values of x, the solution is given by 

u(a;) exp^ — 2 j h{t)dtJP^u{a). 

However, P^JP^ — 0, we see that the exponential terminates and we get 

(5.12) u{x)=il-z( h{t)dtJP^^u{a). 

CI 

Clearly equation l5.12l is equivalent with the equation 15. Ill 

5.3. Relation between Weyl-m functions. Wc next observe the relation be- 
tween the Weyl-m functions for Shrodinger equation and the canonical svstem [LT] 

Lemma 5.1. For z € C^, let ms{z),mc{z) denote the Weyl m-functions corre- 
sponding to the Schrodinger eauation \5.1\ and the canonical system\57^ respectively. 
Then TOs(z) — mc{z). 
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^ , . fu{x,z) v{x,z)\ , , . fui{x,z) vi{x,z)\ 

Proof. Let ls(x,z) — \ ,) \ I, \ and lAx.z) — \ ) i ) i\ are 

^ ' ' \U'{X,Z) V'{X,Z)J ' ^ \U2ix,z) V2{X,Z)J 

the transfer matrices corresponding to the Schrodinger eg nation 15 . 1 1 and the canoni- 

'I 
.0 

Here ms{z) is such that {l,0)Ts{x, z) I , n I G L^{R+) and mc{z) is such that 

\ms[zj J 

Tcix,z) ( \ e L^{H,R+). Note that here, r^(a;,z) = To{x)T^ix,z) 



cal systemOrespectively. Let To{x) = Ts{x, 0) then inO H{x) =T* ^ ) Tq. 



It follows that, 

(l,TO^)r;(a;,z) ^ Ts{x,z) ^ia; < oo 

(1, rn,)T*{x, z)T^{x) To(x)Tc(x, z) (^^^^(-^)^ < oo 

{l,fhs)T2(x,z)HTc{x,z) d,x < oo. 

Since the Weyl-m function mc{z) is uniquely defined we must have TOs(z) — mdz). 

□ 

Lemma 5.2. For z G C+, let ms{z'^),mc{z) denote the Weyl m-functions corre- 
sponding to the Schrodinger equation \5. 7| and the canonical svstem lSTSi respectively. 
Then TOs(z^) = zmc{z). 



Proof. Note that, since H{x) — ^ ^ wit)dt j ' / ^ L {H, IR+) if and 

only if 

roo poo 

|/i|2e2/o^^(*)''*da;<oo, / l/spe-^/o^ M^W-i'd^ < oo. 



Let T5(a;, z^), rc;(a;, z) and Tc{x,z) denote the transfer matrices of the Schrodinger 
equation 15. 41 the Dirac system [5751 and the canonical system [5761 respectively. Then, 

2n _ ( u(a;,z2) w(a;,z2)\ 
^^■^^'"^ ^ - l^M'(a;,z2) v'{x,z^))' 

( u{x,z^) zv{x,z^) \ 

rc(a;, z) = TnTd{x,z). 
It follows that 

^d(x,z)=^_^ r^(a;,z2) ^ 

So T£i(a;, z) = TQ"^rc(a;, z) and 

2x 1 / 1 OA ^ , X /z 



Now we have. 
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{l,mc{z))T*{x,z)H{x)Tc{x,z) (^^^^^^ dx < oo 
\l, rn,{z))T:{x, z) [t^\x) (^J n{x)-^ + 

{l,mc{z))T'^{x, z)TQ{x)TQ{xy^ . 

To{x)~'^Ta{x)Td(x, z) dx < oo. 

0\ f z 0\ ^ , 2n 0\ / 1 



da; < 



/ ^ , < OO. 

Since the Weyl-m function mc(z) is uniquely defined we must have 

ms(z^) = zmc(2:). 

Suppose 



□ 



in the canonical system 15.61 and 15.91 respectively. The following lemma shows the 
relation between their Weyl-m functions. 

Lemma 5.3. If rric^ andrric^ are the Weyl-m function corresponding to the canon- 
ical svstem lST^ and \5.9\ respectively then rUc 



-1 



+ mc 



Proof. Notice that —JH^J = Here u is a solution of Ju' — zH+u if and only 
if Ju is a solution of Ju' = zH^u. Let Tc^{x) and Tc_{x) be the transfer matrices 
and r7ic+ and rric^ are the Weyl-m functions of the canonical systems with the 
Hamiltonians and respectively. Then Tc_{x) = —JTc_^(x)J and 

{l,mc_)T*_{x)H-Tc_{x) ( ]dx<oo 



{l,fh^_){-JT^^ix)J)*H_{-JTc^{x)J) [ ]dx<oo 



(l, ^) T:yx)H+T,yx) dx < oo. 



Since rUc. is the unique coefficient such that 



(1, mc+ )T*^ {x)H+Ta^ (x) ( ^ ) < oo 
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we have rric^ = — — . □ 

Theorem 5.4. Letuj[V) anduj[H) are the uj-limit set corresponding to a Schrodinger 
equation \ 5.1\ and its canonical system \5.2\ resvectivelv. Then if W d i^iV) then 
K G i^{H) where K is the Hamiltonian corresponding to a canonical system of the 
Schrodinger equation with W as potential. Conversely, if K & ^{H) then K is a 
Hamiltonian for a canonical system of a Schrodinger equation for some potential 
W e uj{V). 

Proof. Suppose W G ^{V) then by definition of cj— hmit set there exists a sequence 
a;„ — >■ oo such that V{x + a;„) W. Then the corresponding Weyl m-functions 
also converge, ie mj^"(z) m^(z). Let iJ„ be the Hamiltonian of the canonical 
system obtained from the Schrodinger equation with the potential V{x + x„) then 
Hn = H{x + Xn) then by Lemma [5.11 mY^ iz) = m^"^{z). and to^(z) = m^{z). 
Now apply the change of variable by 12.91 and obtain Hn and the corresponding 
m- function is m^"{z). After the change of variable the corresponding Weyl m- 
functions are the same up to the change of the point of boundary condition. So the 
convergence of m^" (z) — m^" {z) implies the convergence of m^" (z). It follows that 
m^"{z) — ^ mY{z). But by Lemma [4.21 TO^fz) = (z) where [z) is the Weyl 
m-function for some Hamiltonian H. It follows that m^"{z) m^(z). Again by 
Lemma 14.21 we get H„ — > H using the change of variable on the canonical system 
with Hamiltonian H wc obtain a Hamiltonian K such that m^{z) — (z) up 
to the change of point of boundary condition. It follows that Hn — > K and so 
K e i^{H). Converse is similar. □ 
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